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On Connected Transversals to Nonabelian Subgroups
PIROSKA CSO¨RGO¨ AND MARKKU NIEMENMAA†
In this paper we consider groups G which have connected transversals to nonabelian subgroups
whose order is a product of two odd primes p and q , where p > q and p = 2qm + 1. In our main
theorem we show that G is then solvable. We apply our results to loop theory and it follows that if the
inner mapping group of a finite loop has order pq , where p and q are as previously given, then the
loop is solvable.
c© 2002 Academic Press
1. INTRODUCTION
If G is a group, H is a subgroup of G and there exist two left transversals A and B to H
in G such that a−1b−1ab ∈ H whenever a ∈ A and b ∈ B, then we say that A and B are
H -connected transversals in G. This concept was introduced by Kepka and Niemenmaa [9]
and it was used to characterize multiplication groups of loops. One of the important group
theoretic problems here is to consider how the structure of H influences the structure of G.
For instance, we know that if H is cyclic, then G is solvable and G(3) = 1 (for the details,
see [6, 9]). It turned out in [10] that the solvability of G also follows provided that H is finite
abelian. In this paper, which is a continuation of [8], we consider the following problem: If
|H | = pq, where p and q are prime numbers, does it then follow that G is solvable? In [8]
Niemenmaa was able to prove this by using the classification of finite simple groups in the
following cases: q = 2 and p ≤ 61, q = 3 and p ≤ 31, q = 5 and p = 11.
The general case where |H | = 2p (here p is an odd prime) was solved by Csorgo et
al. [2]. In the present paper we give a proof for the case |H | = pq where p and q are odd
prime numbers, p > q and p = 2qm + 1. In our proof we analyse the structure of the
normalizers of the Sylow q-subgroups of H and we show how the structure of G is related to
these normalizers. We also use the properties of the transfer homomorphism and at one point
of our proof we take advantage of the Odd Order Theorem.
At the end of this section we list some of the general group theoretic results that are needed
later. In section 2 we prove some technical lemmas about connected transversals in the case
that |H | = pq, where p > q are odd prime numbers. Section 3 contains the proof of our
main theorem. As mentioned earlier, there is a link between connected transversals and loop
theory. The last section of this paper is dedicated to loop theory: we discuss the relation
between connected transversals and multiplication groups of loops and we also consider how
solvable loops are recognized by their multiplication groups. Finally, we apply our main result
to loop theory and we obtain a new solvability criterion for finite loops.
Our notation is standard. By LG(H) we denote the core of H in G (the largest normal
subgroup of G contained in H ). The interested reader can find more background material
about connected transversals, loops and their multiplication group in [1, 9, 11, 12].
In our proofs we also need the following more general group theoretic results.
LEMMA 1.1. A finite group G = AH is not nonabelian simple if Z(A) 6= 1 and [G : A] =
pn for some prime p.
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LEMMA 1.2. Let G be a finite group and let G = AH, where A is abelian and H is a
subgroup such that |H | = pq where p > q are prime numbers. Then G is solvable.
For the proofs, see [4, p. 131] and [8, Lemma 2.5].
2. PRELIMINARIES
We assume that A and B are H -connected transversals in G. In [9] it was shown that A
and B are left (right) transversals to H g for every g ∈ G. Furthermore, if LG(H) = 1, then
1 ∈ A∩B and NG(H) = H×Z(G). In [10] Kepka and Niemenmaa established the following
solvability result.
THEOREM 2.1. If H is finite and abelian, then G is solvable.
Now we introduce a series of lemmas, which are later needed in the proof of our main
theorem. We assume that |H | = pq, where p > q are two odd prime numbers. We denote by
P the unique p-subgroup of H .
LEMMA 2.2. If H is a maximal subgroup of G and LG(H) = 1, then |H ∩ H g| divides q
for every g ∈ G − H.
PROOF. Clearly, NG(H) = H . Thus H 6= H g , whenever g ∈ G−H . If |H∩H g| = p, then
P ≤ H∩H g . Now P is a normal subgroup of H and H g , hence P is normal in 〈H, H g〉 = G.
Since LG(H) = 1, this is not possible. Thus either |H ∩ H g| = 1 or |H ∩ H g| = q for every
g ∈ G − H . 2
LEMMA 2.3. Let H be a maximal subgroup of G and LG(H) = 1. If a ∈ A and b ∈ B are
such that aH = bH, then b−1a ∈ H ∩ Ha−1 = H ∩ Hb−1 .
PROOF. Now a−1b−1ab ∈ H and b ∈ aH . Then b−1a ∈ H ∩ Ha−1 = H ∩ Hb−1 . 2
LEMMA 2.4. Let G be a finite group, H a maximal subgroup of G and LG(H) = 1. If
H ∩ Ha = 1 for some 1 6= a ∈ A, then A = B and G is solvable.
PROOF. Let H ∩ Ha = 1 and aH = bH , where a ∈ A and b ∈ B. Clearly, H ∩ Ha−1 = 1
and from Lemma 2.3 it follows that a = b.
Then let u H = wH where u ∈ A and w ∈ B. Now a ∈ A ∩ B, hence a−1u−1au ∈ H .
Thus a−1u−1aw ∈ H and finally a−1u−1wa ∈ H . It follows that u−1w ∈ H ∩ Ha−1 = 1,
hence u = w. We conclude that A = B.
Then let b ∈ a2 H ∩ A. Now a−1baH = bH = a2 H and thus ba ∈ a2 H . It follows
that (b−1a2)a = (b−1)aa2 ∈ H and b−1a2 ∈ H ∩ Ha−1 = 1. Thus b = a2. Now assume
that e ∈ A. Then e−1ea2 and e−1ea are elements of H and since (e−1ea)a = (e−1)aea2 ,
we conclude that e−1ea ∈ H ∩ Ha−1 = 1 . Thus e ∈ CG(a) and this shows that, in fact,
A ⊆ CG(a). Since CG(a) ∩ H = 1, we have A = CG(a).
Thus A is a subgroup of G and since [A, A] ≤ A ∩ H = 1, it follows that A is an abelian
group. Thus G = AH and by Lemma 1.2, G is solvable. The proof is complete. 2
In the following four lemmas we assume that G is finite.
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LEMMA 2.5. Let H be a maximal subgroup of G and LG(H) = 1. If Q and R are two
different q-subgroups of H, then NG(Q)H ∩NG(R)H = H. Further, if G is nonsolvable and
g ∈ G, then there exists a q-subgroup Q of H such that g ∈ NG(Q)H.
PROOF. Let d ∈ NG(Q)H∩NG(R)H and d /∈ H . Then Qd ≤ H∩Hd and Rd ≤ H∩Hd .
Thus Qd = Rd , a contradiction. Then assume that G is nonsolvable and g ∈ G − H . By
Lemma 2.4, H ∩ H g > 1. Thus H ∩ H g = Qg , where Q is a q-subgroup of H . Thus
Qg = Qh , where h ∈ H , gh−1 ∈ NG(Q) and g ∈ NG(Q)H. 2
LEMMA 2.6. Let 1 6= a ∈ A, b ∈ B and aH = bH. If H is maximal in G, LG(H) = 1
and a ∈ NG(Q)H, then a−1b ∈ Q (of course, here Q denotes a q-subgroup of H).
PROOF. Now Qa = H ∩ Ha and therefore a−1b ∈ H ∩ Ha−1 = Q by Lemma 2.3. 2
LEMMA 2.7. Let H be a maximal subgroup of G and LG(H) = 1. If Q is a q-subgroup
of H and NG(Q) ∩ A contains more than one element, then it follows that NG(Q)H ∩ A ⊆
NG(Q).
PROOF. Let 1 6= a ∈ NG(Q)∩A. If b ∈ B and aH = bH , then b ∈ NG(Q) by Lemma 2.6.
Let c ∈ NG(Q)H ∩ A. Then cb ∈ cH and Qb−1cb = Qcb ≤ H . As Qc ≤ H ∩ Hb−1 = Q,
we obtain c ∈ NG(Q). 2
REMARK. A similar result is naturally true for NG(Q) ∩ B.
LEMMA 2.8. Let H be maximal in G and LG(H) = 1. If 1 6= b ∈ B, 1 6= c ∈ B, c 6= b
and b−1c ∈ NG(Q) for a q-subgroup Q of H, then b ∈ NG(Q).
PROOF. Let a ∈ NG(Q)H ∩ A. Since ab ∈ aH and ac ∈ aH , we obtain Qb−1ab ≤ H
and Qc−1ac ≤ H . As Qb−1 = Qc−1 = Hb−1 ∩ H c−1 and Qb−1a = Qc−1a = Hb−1 ∩ H c−1 ,
we conclude that a ∈ NG(Qb−1). As a ∈ NG(Q)H , it follows from Lemma 2.5 that b−1 ∈
NG(Q) and the proof is complete. 2
REMARK. A similar result is true for the elements of A.
3. MAIN THEOREM
We are now ready to prove our main theorem. In the proof we use the Odd Order Theorem
by Feit and Thompson [3]: If G is a finite group of odd order, then G is solvable.
THEOREM 3.1. Let G be a group, H ≤ G and |H | = pq, where p > q are odd prime
numbers such that p = 2qm + 1. If there exist H-connected transversals A and B in G, then
G is solvable.
REMARK. Since p = 2qm + 1, it follows that either q = 3 or q = 3v + 2 and m is odd.
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PROOF. We first assume that G is finite and our proof is by induction on the order of G.
As in the proof of Theorem 3.1 in [8], we may assume that H is a maximal subgroup of G,
LG(H) = 1 and G is a simple group. From Theorem 2.1 we conclude that H is not abelian.
If there exists 1 6= a ∈ A such that H ∩ Ha = 1, then G is solvable by Lemma 2.4. Thus
we may assume that H ∩ H g > 1 whenever g ∈ G − H . Let P denote the unique p-subgroup
of H . Now NG(P) = H and thus P is a Sylow p-subgroup of G, hence [G : H ] = 1 + kp.
If Q is a q-subgroup of H , then |NG(Q)H | = np, where n = |NG(Q)|. By Lemma 2.5,
|G| = p(np − pq)+ pq = (1 + kp)pq. From this it follows that n = q(k + 1). If k is even,
then |G| is odd, hence solvable by the Odd Order Theorem. Thus we may assume that k is
odd and this means that the order of NG(Q) is even and NG(Q) contains an involution. As n
divides |G|, we obtain that k+1 divides (1+kp)p. Since k+1 = p is not possible, it follows
that k + 1 divides 1+ kp = 1− p+ (k + 1)p and thus k + 1 divides p− 1 = 2qm . Of course,
NG(Q)/CG(Q) is cyclic and the order of this group divides q − 1.
We first assume that k + 1 = 2. Then |G| = (1 + p)pq and Q is a Sylow q-subgroup of
G. If NG(Q) = CG(Q), then we can use Burnside’s normal complement theorem (see [4,
p. 252]) and thus Q has a normal complement in G, a contradiction. If CG(Q) = Q, then G
is a doubly transitive permutation group acting on 1 + p points (the cosets of H ) and every
nonidentity element fixes at most two points. Thus G is a Zassenhaus group of degree p + 1
and it follows that G is in fact the group P SL(2, p) (for the details, see [5, p. 286]). Now
Vesanen [13] has shown that G does not have H -connected transversals.
Thus we may assume that 2q divides k + 1 and 2q2 divides |NG(Q)|. We now divide the
proof in two parts: We first assume that NG(Q) ∩ A contains more than one element for a
q-subgroup Q of H . Now we denote NG(Q) by N and CG(Q) by C and it follows from
Lemma 2.7 that N H ∩ A ⊆ N and N H ∩ B ⊆ N . Clearly, N = (A ∩ N )Q = (B ∩ N )Q
and C = (A ∩ C)Q = (B ∩ C)Q. Here A ∩ C and B ∩ C are Q-connected transversals in
C . Since Q is normal in C , we conclude that C ′ ≤ Q. It is obvious that C is solvable and
C = K R, where R is a Sylow q-subgroup of C and K is a Hall q ′-subgroup of C . As K is
characteristic in K Q, we conclude that C = K × R.
We want to show that R is a Sylow q-subgroup of G. If R is not a Sylow q-subgroup of G,
then there exists g ∈ G−N such that Rg = R. Since Cg = K g×Rg and Q ≤ R, we conclude
that Cg = C . If g = bh (b ∈ B, h ∈ H ) and a ∈ A∩C , then ag = abh ∈ ah H ⊆ NG(Qh)H .
By Lemma 2.5, we conclude that h ∈ Q and thus ab ∈ C .
If |C | is even, then C contains an involution s. If s ∈ A, then sd ∈ s H for each d ∈ B.
Thus sd−1sd ∈ H and we obtain d−1sds ∈ H s ∩ H = Q. Thus sd ∈ s Q and sd = s. Then
B ⊆ CG(s) and G = CG(s)P . It follows from Lemma 1.1 that G is not simple. Thus we
may assume that s /∈ A and we have a ∈ A ∩ C such that a = sx , where 1 6= x ∈ Q. Now
ab ∈ C , hence ab = ay, where y ∈ Q. Furthermore, aq = s = (ab)q , which means that
s commutes with a and ab. As (ab)q = s = sb, we obtain b ∈ CG(s). Now sa ∈ Q and
(sa)b = say = xy ∈ Q. But then b ∈ N , a contradiction.
Thus we may assume that |C | is odd. Let u ∈ N − C be an involution. If u /∈ A, then
we have a ∈ A ∩ N such that a = ut , where 1 6= t ∈ Q. But then a is an involution and
we may conclude that A ∩ N contains an involution u. Now ub ∈ uQ, hence ub ∈ 〈u〉C .
We write F = 〈u〉C . As F = (A ∩ F)Q = (B ∩ F)Q, we have F ′ ≤ Q. On the other
hand, Fb = F = (A ∩ F)b Qb = (B ∩ F)b Qb. From this we conclude that F ′ ≤ Qb, hence
F ′ ≤ Q ∩ Qb = 1. Thus F is abelian and u ∈ C , a contradiction.
We conclude that R is a Sylow q-subgroup of G (remember that R > Q). Let 1 6= a ∈
R ∩ A. Assume that ag ∈ R and g = bh, where b ∈ B and h ∈ H . Now ag = abh ∈
(aH)h = ah H ⊆ NG(Qh)H . We conclude that h ∈ Q. It follows that ab ∈ R, hence
ab ∈ aQ and ab = ax , where x ∈ Q. Thus ag = abh = (ax)h = ax . Now we consider the
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transfer homomorphism f : G → R/R′ (for the properties of the transfer, see [4], pp. 245–
251). By Theorem 7.3.3 of [4], we conclude that f (a) = (ax)[G:R]R′. Now R′ ≤ Q and as
ax /∈ Q, we have f (a) 6= R′ and therefore a /∈ K er( f ). Thus 1 6= K er( f ) < G and this
contradicts the simplicity of G.
Then follows the second part of the proof. We denote by Q1, . . . , Q p the q-subgroups of
H and we assume that NG(Qi ) ∩ A = 1 for every i . Naturally, the same assumption can be
made for the sets NG(Qi ) ∩ B. We remind the reader that the order of NG(Qi ) is (k + 1)q
and 2q divides k + 1.
We write Ai = A ∩ NG(Qi )H , Bi = B ∩ NG(Qi )H and L i = 〈Ai 〉. Let t and b be two
elements from Bi which are different from 1. If d ∈ t−1 H ∩ A, then td ∈ H ∩ H t−1 = Qi .
If a ∈ A satisfies aH = bH , then at ∈ aH and as a−1b ∈ Qi , we obtain bt ∈ bH . Since
bd ∈ bH and b ∈ Bi , we obtain bt−1 ∈ bH . Further, ((b−1)t−1b)t ∈ H ∩ H t which means
that b−1bt ∈ Qi t . Likewise, t−1tb ∈ Qi b. Since b−1bt = (t−1tb)−1 ∈ Qi t ∩ Qi b = 1, we
conclude that bt = tb. (If Qi t ∩ Qi b 6= 1, then tb−1 ∈ NG(Qi ) and b−1t ∈ NG(Qi )b. By
Lemma 2.8, b ∈ NG(Qi b), a contradiction.) Thus we may assume that the elements in the
sets Bi commute with each other; of course, the same is true for the sets Ai .
Assume that a ∈ Ai and b ∈ Bi are two elements different from 1 and a = b. Then a
commutes with every element in the sets Ai and Bi . If d H = t H (d ∈ Ai , t ∈ Bi ) and
d−1t 6= 1, then d−1t ∈ Qi by Lemma 2.6 and a ∈ CG(Qi ), a contradiction.
Then let a, d ∈ Ai and b, t ∈ Bi with aH = bH and d H = t H . Now we may assume
that a 6= b and as |Ai | > |Qi |, we may also assume that a−1b = d−1t or da−1 = tb−1. It
follows that da−1 ∈ CG(a)∩CG(b). Since a−1b ∈ Qi , we obtain da−1 ∈ CG(Qi ), hence by
Lemma 2.8, a ∈ NG(Qi ), a contradiction. Thus in what follows we may assume that A = B.
Now we write Ai = {a1 = 1, a2, . . . , al} (l = k + 1). Let 1 6= a ∈ Ai . Then a−1 Ai ⊆
NG(Qi a)H . We write b j = a−1a j H ∩ A and as b j a ∈ b j H = a−1a j H , we conclude that
b j−1a−1a j ∈ H ∩ Ha−1 = Qi . Now we have k 6= t such that bk−1a−1ak = bt−1a−1at . It
follows that bt bk−1 = at ak−1. We denote this element by x . Clearly, 1 6= x ∈ 〈Ai 〉 ∩ 〈A f 〉,
where Q f = Qi a and Q f 6= Qi .
Let d ∈ A ∩ x H . If a ∈ Ai , then da ∈ d H = x H , hence x−1d ∈ H ∩ Ha−1 = Qi .
Similarly, if b ∈ A f , then x−1d ∈ H ∩ Hb−1 = Q f . It follows that x = d ∈ A. Since
x = ak−1at ∈ NG(Qi ak )H , it is clear that x /∈ Ai .
Then let g ∈ L i = 〈Ai 〉. We write e ∈ A ∩ gH . If a ∈ Ai , then ea ∈ eH = gH , hence
g−1e ∈ H ∩ Ha−1 = Qi . On the other hand, ex ∈ eH = gH , hence g−1e ∈ H ∩ H x−1 =
Qi ak 6= Qi . It follows that g = e ∈ A. Thus we may conclude that L i ⊆ A for every i .
Let 1 6= a ∈ Ai and 1 6= b ∈ A j , where i 6= j . Now a2 and b2 are elements of A and
[a, b][b, a2] ∈ H , hence [b, a]a ∈ H and we obtain [b, a] ∈ H ∩ Ha−1 = Qi . Further,
[b, a][a, b2] ∈ H and we get [a, b] ∈ H ∩ Hb−1 = Q j . Thus [a, b] ∈ Qi ∩ Q j = 1, whence
ab = ba. But this means that 〈A〉 is an abelian group and as G = 〈A〉H , we use Lemma 1.2
and it follows that G is solvable.
Then assume that G is infinite. If LG(H) > 1, then H/LG(H) is cyclic and G/LG(H) is
solvable by Theorem 2.1 and clearly G is solvable.
Thus we can assume that LG(H) = 1. Let G = 〈A, B〉 and let a and h be fixed elements
from A and H . We write F(a, h) = {b ∈ B : a−1b−1ab = h}. If b, c ∈ F(a, h), then
bc−1 ∈ CG(a) and b ∈ CG(a)c. Thus F(a, h) ⊆ CG(a)bh , where bh is a fixed element from
F(a, h). Now B = ∪h∈H F(a, h) and G = B H ⊆ CG(a){bh : h ∈ H}H . It follows that [G :
CG(a)] ≤ |H |2. Thus [G : CG(H)] is finite and therefore [G : NG(H)] is finite. As NG(H) =
H × Z(G), we obtain that [G : Z(G)] is finite. Since |H Z(G)/Z(G)| = pq we conclude
that G/Z(G) is solvable by the first part of our proof. But this means that G is solvable.
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Then let K = 〈A, B〉 be a proper subgroup of G. Now A and B are K ∩ H -connected
transversals in K and thus it is clear that K is solvable. Since [G : K ] is finite, we conclude
that [G : LG(K )] is finite. Now H LG(K )/LG(K ) is cyclic or of order pq and this implies
the solvability of G/LG(K ). From the solvability of LG(K ) it follows that G is solvable. The
proof is complete. 2
4. LOOP THEORY
A groupoid Q is called a loop if Q has unique division and a neutral element. The mappings
La(x) = ax (left translation) and Ra(x) = xa (right translation) are permutations on Q and
the set of all left and right translations generates the permutation group M(Q) which is called
the multiplication group of Q. We denote by I (Q) the stabilizer of the neutral element and
we say that I (Q) is the inner mapping group of Q. These two notions were introduced by
Bruck [1] and he also defined solvability in loops. A loop Q is solvable if it has a series
1 = Q0 ⊆ · · · ⊆ Qn = Q, where Qi−1 is a normal subloop of Qi and Qi/Qi−1 is an abelian
group. We have the following two basic results which link connected transversals to loops and
their solvability.
THEOREM 4.1 ([9]). A group G is isomorphic to the multiplication group of a loop if
and only if there exists a subgroup H satisfying LG(H) = 1 and there are H-connected
transversals A and B such that G = 〈A, B〉.
THEOREM 4.2 ([14]). If Q is a finite loop and M(Q) is solvable, then Q is a solvable loop.
By combining the above results with our main theorem, we obtain
THEOREM 4.3. If Q is a finite loop such that the inner mapping group I (Q) is of order
pq, where p and q are odd prime numbers as in Theorem 3.1, then Q is a solvable loop.
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